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'w ■ Abstract 

Q I The Nakamura number of a simple game plays a critical role in 

preference aggregation (or multi-criterion ranking): the number of al- 
ternatives that the players can always deal with rationally is less than 

^ I this number. We comprehensively study the restrictions that various 

^\ I properties for a simple game impose on its Nakamura number. We 

CO I find that a computable game has a finite Nakamura number greater 

'^ I than three only if it is proper, nonstrong, and nonweak, regardless of 

^^ I whether it is monotonic or whether it has a finite carrier. The lack of 

t^^ ' strongness often results in alternatives that cannot be strictly ranked. 
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1 Introduction 

The Nakamura number plays a critical role in the study of preference aggre- 
gation rules with acyclic social preferences o Consider a (simple) garnet — a 
coalitional game that assigns either or 1 to each coalition: those assigned 1 
are winning coalitions and those assigned are losing coalitions. Combining 
the game with a set of alternatives and a profile of individual preferences, 
one obtains a sim,ple gam,e with (ordinal) preferences, from which o ne can 
derive a social preference (dominance relation). Nakamura's theorem ( 19791 ) 



gives a necessary and sufficient condition for a simple game with prefer- 
ences to have a nonempty core (the set of maximal elements of the social 
preference) for all profiles: the number of alternatives is less than a certain 
number (the smallest number of winning coalitions that collectively form 
an empty intersection), called the Nakamura number of the simple game. 
Thus the greater the Nakamura number for a given game is, the larger the 
set of alternatives is from which the rule (mapping from profiles to social 
pre ferences) can always f i nd a m aximal element. 



Kumabe and Miharal (|2008l . Theorem 17) extend Nakamura's theorem 
to their framework and apply it to computable simple games. They show 
that every (nonweak) computable game has a finite Nakamura number. This 
implies that under the preference aggregation rule based on a computable 
game, the number of alternatives that the set of players can deal with ra- 
tionally is restricted by this number. (Remark [1] gives a formal discussion 
of this result.) 

We are therefore inte rested in the question of ho w large the Nakamura 



number can be. In fact, iKumabe and Miharal (J2008l . Proposition 15) show 



that every integer A; > 2 is the Nakamura number of some computable game. 
Of course, a large Nakamura number can be attained only by satisfying or 
violating certain properties for simple games. For example, the Nakamura 
number of a nonproper game, which admits two complementing winning 
coalitions, is at most 2 (Lemma [6|). 

In this paper, we study the restrictions that various properties (axioms) 
for a simple game impose on its Nakamura number. We restrict our atten- 
tion to the computable simple games and classify them into thirty-two (2^) 
classes in terms of their types (with respect to monotonicity, propernessp 



teankd (llQQSl l. FlVuchonI l{199^ ). and lAndiiea and Mbilil l|200Cl) ar e recent contribu tions 
to the literature. Earlier paper s on acyclic rules can be found in IXruchorJ (| 19951 ) and 
lAusten-Smith and Banks! (| 19991 '). Note that acyclicity of a preference is necessary and 
sufHcient for the existence of a maximal element on every finite subset of alternatives. 
When the weak socia l preferences are required to be transitive, we are back in Arrow's 
difficult setting (|l963h . 

^Simple games are often referred to as "voting games" in the literature. In this paper, 
we sometimes call them "games" for short. 

^While simple games are often defined so that they are monotonic and proper, we 
allow simple games to be nonmonotonic or nonproper for completeness. We can derive 



Table 1: Possible Nakamura Numbers for Computable Games 
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Possible Nakamura numbers are given in each entry, assuming that an empty 
coahtion is losing (so that the Nakamura number is at least 2). The types are 
defined by the four conventional axioms: monotonicity, properness, strongness, 
and nonweakness. For example, the entries corresponding to Type 2 (+ + + — ) 
indicates that among the computable, monotonic (+), proper (+), strong (+), 
weak ( — , because not nonweak) games, finite ones have a Nakamura number 
equal to +co and infinite ones do not exist. 



strongness, and nonweakness) and finiteness (existence of a finite carrier). 

Table [T] summarizes the results. For example, a type 5 (H 1-+) (monotonic, 

nonproper, strong, nonweak) computable game has Nakamura number equal 
to 2, whether it is finite or infiniteo Note that the Nakamura number for a 
weak game is infinite by definition. 

We make two observations from Table [TJ First, a nonweak computable 
game has a Nakamura number greater than 3 only if it is proper, and nonstrong 
(i.e., either of type 3 (+ H h) or of type 11 ( — I l-))|j In particular. 



such games fi'om a strategic game form, giving a justification (strategic foundation) for 
including them. For example, we obtain a nonproper game from the game form g, defined 
by 5(0,0) — g(0, 1) = (?(1,0) — and g{l, 1) — 1, which describes the unanimous voting 
rule. Each player is effective for the set {0} in the sense that by choosing 0, she can force 
the outcome to be in the set. Then the simple game consisting of the coalitions that are 
effective for {0} is nonproper. For another example, we obtain in Remark|3]an important 
class of nonmonotonic games from a certain class of game forms. 

^Strictly speaking, we only assert in this paper that the numbers in each entry in 
the table are not ruled out; we are not much interested in asserting that every entry 
not indicated "none" contains a game in which an empty coalition is losing. However, 
those who accept the results in lKumabe and Miharal (|2007l ) will find the latter assertion 
acceptable. For most entries, the examples given in the paper cited suffice. For the other 
entries, we need to modify the examples — which we do, with the exception of a few entries 
(footnote [TS]). 

^Propositions[TT]and[TH]state that any Nakamura number fc > 3 is attainable by type 3 
finite and infinite games. Propositions [12] and [20] state that any Nakamura number k >2 
is attainable by type 11 finite and infinite games. Remark [4] gives a strategic foundations 
for these games. 



for the players to be always able to choose a maximal element from at least 
three alternatives, strongness of the game must be forgone (unless the game 
is dictatorial (type 2)). The reader should not overlook the importance of 
the number 3 in the above observation. It is the Nakamura number of the 
majority game with an odd number of (at least three) players. To deal 
with three or r nore alternati ves rationally (though it is generally impossible 
to rank them ( Arrowl . 1 19631 )) requires a Nakamura number greater than 3. 
Second, as far as computable games are concerned, a number k is the Naka- 
mura number of a finite game of a certain type (except type 2) if and only 
if it is that of an infinite game of the same type. Restricting games to finite 
ones does not reduce or increase the number of alternatives that the players 
can deal with rationally. 

In contrast, if we drop the computability condition, these observations 
are no longer true. A "nonprincipal ultrafilter," which is noncom putable and 
has an infinite Nakamura number ( Kumabe and Miharal . 120081 ) . serves as a 
counterexample to both: It is a nonweak game with a Nakamura number 
greater than 3, but it is strong. It is a type 1 infinite game with a Nakamura 
number different from 3, the Nakamura number of type 1 finite games. In 
fact, one can use ultrafilters not only to find a maximal element from any 
finite set of alternatives (regardless of the size), but also to rank (while 
preserving t he transitivity of the weak social preference) any number of 
alternatives ( Kumabe and Miharal . 120081 . Section 5). This fact explai ns wh y 
nonprincipal ultrafilters are used for resolving Arrow's impossibility ( 19631 ). 
The lack of computability of non principa l ultra filters, however, implies that 
such resolutions are impractical (|Miharal . 119971 ) . 



The rest of t he Introduction gives a back ground briefly. Much of it is 
fully discussed in iKumabe and Miharal ( 20081 ). 

One can think of simple games as representing voting methods or multi- 
crite rion decisiori rules. They have been central to the study of social choice 
(e.g.. |Pelegl . l2002l ). For this reason, the paper can be viewed as a contribution 
to the foundations of computability analysis of social choice, which studies 
algorithmic properties of social decision-makinglj 

The importance of computability in social choice theory would be unar- 
guable. First, the use of t he language b y social choice theorists suggests the 
importance: for example. lArrowl ( 19631 ) uses words such as ^^process or rule" 
or ^^procedure." Second, there is a normative reason: computability of social 
choice rules formalizes the notion of "due process. "|j 

We consider an infinite set of "players." Roughly speaking, a simple 
game is computable if there is a Turing program (finite algorithm) that 



^This literatur e includes JKellvl ll 19881) JLewid (1 1988! ) , JBartholdi et~all lll989al lbh , JMiharai 
(ll997l.ll999l,l2004ll,lKumabe and Miharal (|2008l, 120071 ). and JTanakai (|2007l ). 

IRichter and Wong) ( 1999!) give further justifications for studying computability-based 
economic theories. 



can decide from a description (by integer) of each coalition whether it is 
winning or losing. Since each member of a coalition should be describable, 
we assume that the set N of (the names of) players is countable, say, A^ = 
N = {0, 1,2,...}. Also, we describe coalitions by a Turing program that can 
decide for the name of each player whether she is in the coalition. Since 
each Turing program has its code number (Godel number), the coalitions 
describable in this manner are describable by an integer, as desired. (Such 
co alitions are called recursive c oalitions.) 

Kumabe and Miharal ( 20081 ) give three interpretations of countably many 



players: (i) generations of people extending into the indefinite fu ture, (ii 



finite ly many persons facing countably many states of the world ( Miharal . 
19971 ) , and (iii) attributes or criteria in multi-criterion decision-making|f| We 



can naturally re-interpret the preference aggregation problem (which pro- 
vides motivation for studying the Nakamura number) as a multi- criterion 
ranking problem, for example. In multi-criterion ranking, each criterion 
ranks finitely many alternatives; we are interested in aggregating those 
countably many rankings into one (acyclic relation). Assuming that the 
underlying simple game is computable is intuitively plausible in view of the 
following consequences: (i) each criterion is treated differentlyp (ii) whether 
an alternative has a higher rank than another can be determined by exam- 
ine finitely many criteria, though how many criteria need to be examined 
depends on each situation (Proposition U]). The (lack of strongness) obser- 
vation mentioned above suggests that rational choice from many (at least 
three) alternatives often involves alternatives that cannot be strictly ranked. 

2 Framework 

2.1 Simple games 

Let A'' = N = {0, 1, 2, . . .} be a countable set of (the names of) players. Any 
recursive (algorithmically decidable) subset of A'^ is called a (recursive) 
coalition. 

Intuitively, a simple game describes in a crude manner the power dis- 
tribution among observable (or describable) coalitions (subsets of players). 
We assume that only recursi ve coalit i ons a re observable. According to 



Church's thesis (jSoard . 1987; Odifreddil . Il992l ). the recursive coalitions are 



the sets of players for which there is an algorithm that can decide for the 
name of each player whether she is in the setjij Note that the class REG 



Legal decisions involve (iii). iKumabe and Miharal ([20071) discuss the formation of legal 



precedents, in which an infinite number of criteria are potentially relevant but only finitely 
many of them are actually cited. ^^^^^^_^^^^^^^ ^_^ 

^Computable simple games violate anonymity (JKumabe and Miharal . |2008| . Proposi- 
tion 13V 

^ ISoard (|l987|) and lOdifreddil l| 19921 ) give a more precise definition of recursive sets as 



of recursive coalitions forms a Boolean algebra; that is, it includes N 
and is closed under union, intersection, and complementation. 

Formally, a (simple) game is a collection oj C REC of (recursive) coali- 
tions. We will be explicit when we require that N (^ lo. The coalitions in oj 
are said to be winning. The coalitions not in lo are said to be losing. One 
can regard a simple game as a function from REC to {0, 1}, assigning the 
value 1 or to each coalition, depending on whether it is winning or losing. 

We introduce from t he theory of coope rative games a few basic notions 
of simple games (jPelegi . bood : IWeberi . 1 19941 ) . A simple game uj is said to be 



monotonic if for all coalitions S and T, the conditions 5 G w and T ^ S 
imply T ^ Lo. w is proper if for all recursive coalitions S, S a co implies 
S^ := N\S ^ CO. a; is strong if for all coalitions S, S ^ u implies S'^ G to. to 
is weak if c^j = or the intersection P\uj = Hsew ^ °^ ^^^ winning coalitions 
is nonempty. The members of p|a; are called veto players; they are the 
players that belong to all winning coalitions. (The set P| ci; of veto players 
may or may not be observable.) w is dictatorial if there exists some iq 
(called a dictator) in N such that a; = { S" € REC : io G S}. Note that a 
dictator is a veto player, but a veto player is not necessarily a dictator. It 
is immediate to prove the following well-known lemmas: 

Lemma 1 If a simple game is weak, it is proper. 

Lemma 2 A simple game is dictatorial if and only if it is strong and weak. 
A carrier of a simple game w is a coalition S C N such that 

T £uj ^=^ SnT £uj 

for all coalitions T. When a game oj has a carrier T, we often restrict the 
game on T and identify lo with uj\T := {S OT : S G a;}. We observe that if 
5 is a carrier, then so is any coalition S' ^ S. Slightly abusing the word, we 
sometimes say a game is finite if it has a finite carrier; otherwise, the game 
is infinite. 

The Nakamura number i^{u;) of a game lo is the size of the smallest 
collection of winning coalitions having empty intersection 

i^{uj) = min{#a;' : w' C w and f]uj' = $} 

if Plcj = (i.e., UJ is nonweak); otherwise, set i/(w) = +oo, which is under- 
stood to be greater than any cardinal number. In computing the Nakamura 
number for a game, it suffices to look only at the subfamily of minimal win- 
ning coalitions, provided that the game is finite. If the game is infinite, we 
cannot say so since minimal winning coalitions may not exist. 



well as detailed discussion of recursion theory. The papers bv lMiharal l| 19971 . 1 1999 ) contain 
short reviews of recursion theory. 



Extending and a p plyin g; the well-known result by iNakamural ( 19791 ). 
Kumabe and Miharal (|2008l ) show that comput ability of a game entails a 



restriction on the number of alternatives that the set of players (with the 
coalition structure described by the game) can deal with rationally. The 
following remark gives a formal presentation of that result, adapted to the 
present framework. 

Remark 1 Let X be a (finite or infinite) set of alternatives, with cardinal 
number #X > 2. Let A be the set of (strict) preferences, i.e., acyclic (for 
any finite set {xi,X2, ■ ■ ■ ,Xm} C X, if xi >~ X2, ■■■, Xm-i >- Xm, then 
Xm ^ x\; in particular, >- is asymmetric and irreflexive) binary relations >- 
on X. A profile is a list p = (:^P)jgAr € A^ of individual preferences >-\ 
such that {iGiV:x^fy}e REC for all x, y e X. 

A simple game with (ordinal) preferences is a list (uj,X,p) of a simple 
game u; in which an empty coalition is losing, a set X of alternatives, and a 
profile p. Given a simple game with preferences, we define the dominance 
relation (social preference) >-^ by x ^S y if and only if there is a winning 
coalition S G uj such that x >-f y for all i £ S. Note that the mapping y^ 
from profiles p to dominance relations >-^ defines an aggregation rule. The 
core C{oj,X,p) of the simple game with preferences is the set of undomi- 
nated alternatives: 

C{u}, X,p) = {x e X : ^y e X such that y ^5 x}. 



Kumabe and Miharal ( 2008 . Corollary 19) show that if u is computable and 



nonweak, then there exists a finite number v (the Nakamura number i'{u)) 
such that the core C{uj,X,p) is nonempty for all profiles p if and only if 

#X<v. 

2.2 The computability notion 

To define the notion of computability for simple games, we first introduce 
an indicator for them. In order to do that, we first represent each recursive 
coalition by a characteristic index (Ag-index). Here, a number e is a char- 
acteristic index for a coalition S if (pe (the partial function computed by 
the Turing program with code number e) is the characteristic function for S. 
Intuitively, a characteristic index for a coalition describes the coalition by 
a Turing program that can decide its membership. The indicator then as- 
signs the value or 1 to each number representing a coalition, depending 
on whether the coalition is winning or losing. When a number does not 
represent a recursive coalition, the value is undefined. 

Given a simple game uj, its (5-indicator is the partial function 5^^ on N 



defined by 

{1 if e is a cliaracteristic index for a recursive set in w, 
if e is a cliaracteristic index for a recursive set not in w, 
t if e is not a cliaracteristic index for any recursive set. 

Note that (5^; is well-defined since each e € N can be a characteristic index 
for at most one set. 

We now introduce the notion of (5) -computable games. We start by 
giving an intuition. A number (characteristic index) representing a coali- 
tion (equivalently, a Turing program that can decide the membership of the 
coalition) is presented by an inquirer to the aggregator (planner), who will 
compute whether the coalition is winning or not. The aggregator cannot 
know a priori which indices will possibly be presented to her. So, the aggre- 
gator should he ready to give an answer whenever a characteristic index for 
some recursive set is presented to her. This intuition justifies the following 
condition of comput ability!^ 

(5)-computability 5^ has an extension to a partial recursive function. 

3 Preliminary Results 

In this section, we give a sufficient condition and a necessary condition for 
a game to be computable. 

Notation. We identify a natural number k with the finite set {0, 1, 2, . . . , fc- 
1}, which is an initial segment of N. Given a coalition S C N, we write 
S D k to represent the coalition {i (^ S : i < k} consisting of the members 
of S whose name is less than k. We call S (1 k the /c-initial segment of 
S, and view it either as a subset of N or as the string S[k] of length k 
of O's and I's (representing the restriction of its characteristic function to 
{0,1,2,..., A;-!}). II 

Definition 1 Consider a simple game. A string r (of O's and I's) of length /c > 
is winning determining if any coalition G € REC extending r (in the 
sense that r is an initial segment of G, i.e., GOk = t) is winning; r is losing 
determining if any coalition G € REC extending r is losing. A string is 
determining if it is either winning determining or losing determining. A 
string is nondetermining if it is not determining. 



The following proposition restates a sufficient condition (JKumabe and Miharal . 



20081 . the "if" direction of Theorem 4) for a game to be computable. In par- 



ticular, finite games are computable. The proposition can be proved easily: 



^ iMiharal (|2004 ) also proposes a stronger condition, a-computability. We discard that 
condition since it is too strong a notion of computability (Proposition 3 of that paper; for 
example, even dictatorial games are not a-computable) . 



Proposition 3 ( Kumabe and Miharal ( 20071 )) Let Tq and Ti be recur- 



sively enumerable sets of (nonempty) strings such that any coalition has an 
initial segment in Tq or in Ti but not both. Let uj be the simple game defined 
by S € u) if and only if S has an initial segment in Ti . Then Ti consists 
only of winning determining strings, Tq consists only of losing determining 
strings, and oj is 5-computable. 



The following proposition ( Kumabe and Miharal . l2008l . Proposition 3) 



gives a necessary condition for a game to be computable: 



Proposition 4 ( Kumabe and Miharal ( 20081 )) Suppose that a 5-computable 



simple game is given, (i) // a coalition S is winning, then it has an initial 
segment S[k] (for some /c € N^ that is winning determining, (ii) // S is 
losing, then it has an initial segment S[k] that is losing determining. 

4 The Main Results 

We classify computable games into thirty- two (2^) classes as shown in Ta- 
bled! in terms of their (conventional) types (with respect to the conven- 
tional axioms of monotonicity, properness, strongness, and nonweakness) 
and finiteness (existence of a finite carrier). Among the sixteen types, five 
(types 6, 8, 10, 14, and 16) contain no games; also, the class of type 2 infinite 
games is empty (since type 2 games are dictatorial) o 

We therefore have only (16—5) x 2—1 = 21 classes of games to be checked. 
For each such class, we find the set of possible Nakamura numbers. We do so, 
whenever important, by constructing a game in the class having a particular 
Nakamura number, unless the example given in lKumabe and Miharal ( 20071 ) 

sufficesUl 

We only consider games in which is losing. Otherwise, the Naka- 
mura number for the game becomes 1 — not a very interesting case. (Also, 
note that if is winning and the game has a losing coalition, then it is 
nonmonotonic.) 

We consider weak games first. Among the weak games, types 2, 4, and 
12 are nonemptvri By definition, their Nakamura number is infinite. We 
have so far examined all the types whose labels are even numbers. 



^^These results, also found in lKumabe and Miharal ([20071), are immediate from Lemmas 
[T]and[3 

^■^Some examples in Kumabe and Miharal (|2007l l violate the condition that is los- 
ing, which we impose in this paper. In this paper, we omit examples of games with a 
small Nakamura number when the construction is based on the details of the paper cited. 
Specifically, we relegate examples of a type 9 infinite game and a type 13 infinite game to 
Appendix B. 

^''These types, being weak, consist of games in which is losing. iKumabe and Miharal 



20071 1 give examples of these types of games. 



We hencefor th consider nonweak ( hence nonempty by definition) com 



putable games. iKumabe and Miharal (|2008l . Corollary 16) show that they 



have finite Nakamura numbers: 



Lemma 5 ( Kumabe and Miharal ( 20081 )) Let u> be a computable, non- 



weak simple game. Then, its Nakamura number I'ioj) is finite. 

4.1 Small Nakamura numbers 

First, the definition of proper games implies the followingP^I 

Lemma 6 Let uj be a game satisfying ^ a; (and oj ^ %). Lfoj is nonproper, 
then UJ is nonweak with i'{oj) = 2. 

Lemma [6] is equivalent to the assertion that a game is proper if its Naka- 
mura number fiyj) is at least 3. It does not rule out the possibility that 
proper games have Nakamura number equal to 2. Lemma [6] implies that 
the games of types 5, 7, 13, and 15 have Nakamura number equal to 2. 
Example [1] gives examples of type 13 and type 15 finite gamesP^I 

Example 1 We first give a type 13 finite game. Let T = {0,1,2} be a 
carrier and let u}\T := {S r\T : S e uj} consist of {0, 1, 2}, {1, 2}, {0}, {1}, 
{2}. The other three coalitions in T are losing. Then, uj is nonmonotonic, 
nonproper, strong, and nonweak with ^{ijj) = 2. 

We next give a type 15 finite game. Let T = {0, 1, 2} be a carrier and 
let Lo\T consist of {0,1,2}, {1,2}, {0}, {1}. The other four coalitions in T 
are losing. Then, u is nonmonotonic, nonproper, nonstrong, and nonweak 
with ^{oj) = 2. 

Next, we consider computable strong games that are nonweak. These 
games have Nakamura numbers not greater than 3: 

Lemma 7 Let u be a computable, strong nonweak game satisfying % ^ oj. 
Then ^{ijj) = 2 or 3. 



^^The conditions oj 7^ in Lemmas [S] and [^ are redundant, since an empty game is 
monotonic, proper, nonstrong, and weak, according to our definition. We retain the 
conditions in parentheses, since the definitions of these properties are not well-established 
for an empty game. 

^®It is easy to show that types 5 and 7 contain games in which is losing. If were 
winning, then by monotonicity the game wou ld consist of all coalit i ons ( a type 5 game). 
Since the examples of types 5 and 7 games in iKumabe and Miharal (|2007|) all have losing 
coalitions, is losing in those games. The type 15 infinite game in that paper satisfies the 
condition that is losing. To show that type 13 contains an infinite game in which is 
losing is more delicate, but can be done (Appendix B) by modifying the example in that 
paper. 



10 



Proof. Since uj is computable, by Proposition HI every winning coali- 
tion has a finite subcoalition that is winning, which in turn has a minimal 
winning subcoalition that is winning. If there is only one minimal winning 
coalition S* 7^ 0, then the intersection of all winning coalitions is S, which 
is nonempty; this violates the nonweakness of uj. So there are at least two 
(distinct) minimal winning coalitions 5i and ^2 in w. Let S = SiH S2. S is 
losing since it is a proper subcoalition of the minimal winning coalition Si. 
Then, since uj is strong, 5^ is winning. Since ^i fl ^2 n 5*^ = 5 n S"^ = 0, 
we have iy{u}) < 3 by the definition of the Nakamura number. The as- 
sumption that ^ ^ oj rules out ^{u]) = 1. (i^(w) = 2 if there are distinct 
minimal winning coalitions Si and 5*2 such that S" = 5"! fl ^2 = 0; otherwise, 
i/H = 3.) I 

Remark 2 The computability condition cannot be dropped from Lemma [7] 
(a minimal winning coalition may not exist if a winning coalition has no 
finite, winning subcoalition). A nonprincipal ultrafilter is a counterexam- 
ple; it has an infinite Nakamura number. (See iKumabe and Miharal ( 20081 . 



Sections 2.1 and 4.3) for the definition of a nonprincipal ultrafilter and the 
observation that it has no finite winning coalitions and is noncomputable, 
monotonic, proper, strong, and nonweak.) 

Lemma 8 Let uj he a monotonic proper game satisfying $ ^ uj and uj ^ $. 
Then ^{oj) > 3. 

Proof. Suppose I'ioj) = 2. Then, there are winning coalitions S, S' 
whose intersection is empty. That is S' C S^. By monotonicity, S"^ is 
winning, implying that uj is not proper. | 

Lemma 9 Let u he a nonmonotonic strong game satisfying % ^ uj (and 
UJ 7^ 0j. Then uj is nonweak with i'{uj) = 2. 

Proof. Since nonempty uj is nonmonotonic, there exist a winning coali- 
tion S and a losing coalition S' such that S fl S'^ = 0. This means that the 
Nakamura number is 2, since S"^ is winning by strongness of uj. | 

Lemma [7] and Lemma [8] imply that type 1 games have a Nakamura 
number equal to 3. Lemma [9] implies that type 9 games have a Nakamura 
number equal to 2. Proposition [10] and Example [2] give examples of these 
games rl 

Proposition 10 There exist finite, type 1 (i.e., monotonic proper strong 
nonweak) games and infinite, computahle, type 1 games. 



^^We can also give an example of an infi nite, computable, type 9 gam e (Appendix B). 
It rests on the details of the construction in lKumabe and Miharal ((20071). 
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Proof. An example of a type 1 finite game is the majority game witli 
an odd number of (at least three) players. An example of a type 1 infinite 
game is given in Appendix [XI | 



Example 2 We give a type 9 finite game. Let T = {0,1,2} be a carrier 
and let uj\T := {S n T : S e co} consist of {0, 1, 2}, {0}, {!}, {2}. The other 
four coalitions in T are losing. Then, uj is nonmonotonic, proper, strong, 
and nonweak with I'iuj) = 2. 

4.2 Large Nakamura numbers 

Having considered all the other types of games, we now turn to types 3 
and 11 (i.e., proper nonstrong nonweak games). These are the only types 
that may have a Nakamura number greater than 3. 

First, we consider games with finite carriers. An example of a game 
having Nakamura number equal to k > 2 can be defined on the carrier 
T = {0, 1, . . . ,k — 1}; the game uj consists of the coalitions excluding at 
most one player in the carrier: S" G tt; if and only if ^{T D S) > k — 1. We 
extend this example slightly: 

Proposition 11 For any k > 3, there exists a finite, computable, type 3 
(i.e., monotonic proper nonstrong nonweak) game co with Nakamura number 
iy{u}) = k. 

Proof. Given k > 2, let {Tq,Ti, . . . ,Tk-i} be a partition of a finite 
carrier T = Uf=o^ Ti. Define 5 G w iff #{T; : Ti C S} > k - I. Then it is 
straightforward to show that u is monotonic and nonweak with z^(w) = k. 
Now, suppose that k > 3. To show that w is proper, suppose S G u. Then S 
includes at least A: — 1 of the partition elements Ti , implying that 5^ includes 
at most one of them. To show that co is nonstrong, suppose that a partition 
element, say Ti, contains at least two players, one of whom is denoted by t. 
We then have the following two losing coalitions complementing each other: 
(i) the union of A; — 2 partition elements T;/ and {t} and (ii) the union of the 
other partition element and Ti \ {t}. | 



Remark 3 Because of Lemma [8l Proposition [TT] precludes k = 2. Note 
that the game in the proof is nonproper if and only if A; = 2. If /c < 3, then 
it generally fails to be strong, though it is indeed strong if all the partition 
elements T; consist of singletons. 

Proposition 12 For any k > 2, there exists a finite, computable, type 11 
(i.e., nonmonotonic proper nonstrong nonweak) game uj with Nakamura 
number i^iuj) = k. 
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Proof. Given k > 3, let {To,Ti, . . . ,Tfc_i} be a partition of a finite 
carrier T = [j^'^ Ti. Define S e oj iS #{Ti : Ti Q S} = k - 1. Then w is 
nonmonotonic; the rest of the proof is similar to that of Proposition [TTl 

For k = 2, we give the following example: Let T = {0, 1, 2} be a carrier 
and define uj\T = {S flT : S G uj} = {{0},{1}}. It is nonmonotonic since 
{0} G uj but {0, 1} ^ w. It is proper: S G u implies S flT = {0} or {1}, 
which in turn implies S^ OT = {1, 2} or {0, 2}, neither of which is in uj\T; 
hence S^ ^ uj. It is nonstrong since {0, 1} and {2} are losing. It is nonweak 
with i^{u;) = 2 since the intersection of the winning coalitions {0} and {1} 
is empty. | 



Remark 4 (Strategic Foundations) We justify (give a strategic founda- 
tion for) type 3 and type 11 simple games having Nakamura number equal 
to A; > 3 by deriving them from certain game forms. These types particu- 
larly deserve justification, since they are the only types that contain (two 
games with different Nakamura numbers and) games with an arbitrarily 
large Nakamura number. 

Let g: n Sj — )• X be a game form on the set {0, 1, . . . , A; — 1} of players, 
defined by g{a) = 1 if and only if #{i : ai = 1} > k — 1, where Sj = {0, 1} is 
the set of player i's strategies and X = {0, 1} is the set of outcomes. One can 
think of the game form as representing a voting rule in which no individual 
has the veto power. We claim that, depending on the notion of effectivity 
employed, the simple game derived from g is either (i) the type 3 game 
consisting of the coalitions containing at least k — 1 players (a game in the 
proof of Proposition II ip or (ii) the type 11 game consisting of the coalitions 
made up of exactly k — 1 players (a game in the proof of Proposition I12p . 

(i) For each coalition S Q I, let T,s := IIjgS ^« ^^^ ^-S •~ Tli^s ^* ^^ 
the collective strategy set of S and that of the complement. A coalition S 
is a-effective for a subset B C X li S has a strategy as G Sssuch that 
for any strategy a-s € E_5 of the complement, g{as, a-s) ^ -Bcj Define a 
simple game as the set of winning coalitions, where a coalition is winning if 
it is a-effective for all subsets of X. One can easily check that the winning 
coalitions for our g are the coalitions containing at least k — 1 players. 

(ii) A coalition S is exactly effective for a subset B Q X if B = {giro's, C-5) 
a-s € S_5} for some as G S5O Define a simple game as the set of winning 
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The notion of a-effectivity is standard (e.g.. IPeleg. I2OO2I ). 
^^This notion of effectivity is proposed bv lKolpinI ( 1990|). It is more informative than a- 



effectivity. Indeed, S is a-effective for B if and only if there exists some B' C B such that 
S is exactly effective for B' . If a coalition S is exactly effective (not just a-effective) for a 
set B of at least two elements, then the complement S"^ can realize every (not just some) 
element in _B by a suitable choice of strategies. Intuitively, then, S has the power to leave 
the others to choose from B. This notion is potentially more suitable for studying certain 
aspects of the theory of r ights than a -effectivity is, since it describes a coalition's right to 
stay passive more finely. (|Debl (|2004l . Definition 11) is an example of an application to the 
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coalitions, where a coalition is winning if it is exactly effective for all subsets 
of X. Then, the winning coalitions for our g are the coalitions made up of 
exactly k — 1 players, which confirms our claim. In particular, the grand 
coalition {0, 1, . . . ,k — 1} — while it is exactly effective for {0} and {1} — is 
not exactly effective for {0,1}, but a coalition made up of exactly k — 1 
players is. 

Next, we move on to games without finite carriers. We construct them 
using the notion of the product of games. By a recursive function / on 
a recursive set T C N we mean a recursive function restricted to T. 

Let (/i, /2) be a pair consisting of a one-to-one recursive function /i on 
a (not necessarily finite) recursive set T Q N and a one-to-one recursive 
function /2, whose images partition the set of players: fi{T) fl /2(-/V) = 
and /i(T) U f2{N) = N. Note that f^ and /^ are recursive functions on 
recursive sets fi{T) and /2(-/V), respectivelyo 

We define the disjoint image of coalitions 5*1 C T and S2 ^ N with 
respect to (/i,/2) as the set 

Sl*S2 = MSi)Uf2{S2), 

where /i(5i) = {Mi) : i e Si} and f2{S2) = {/2(i) : i S S2}. 

Example 3 When T = A^, an easy example is given hy fi : i >—> 2i and 
f2 : i ^ 2i + 1. In this case, fi{T) = 2N := {2i : i e N}, f2{N) = 
2N + 1 := {2i + 1 : i e N}, and {0,2,3} * {1,2,4} = {0,4,6,3,5,9}. 
When T = {0, 1, . . . ,k — 1} for some A; > 1, an easy example is given by 
fi:i>-^i and f2 '■ i >-^ i + k. In this case, if A; = 4, we have /i(T) = T, 
/2(iV) = iV\r = {4,5,6,...}, and{0,2,3}*{l,2,4} = {0,2,3,5,6,8}. 

Lemma 13 Let REC be the class of (recursive) coalitions. Then, 

{5*1 * 5*2 : 5*1 C T and S2 are coalitions} = REC. 

Proof. (C). By an argument similar to that in footnote [20l fi{Si) and 
/2(S'2) are recursive. It follows that /i(S'i) U /2(5'2) is recursive. 



theory of rights.) To show that Q-effectivity is inade quate, take, for example, "maximal 
freedom" and the "right to be completely passive" by Ivan Heea (|l999t ). Van Hees resolves 
the liberal paradox by adopting either of these notions. A necessary condition for maximal 
freedom is monotonicity with respect to alternatives: if a coalition is effective for a set, it 
should be effective for a larger set. A coalition is said to have the right to be completely 
passive if it is effective for the set X of all alternatives. Since a-effectivity is monotonic 
with respect to alternatives and since every coalition is a-effective for X, Q-effectivity fails 
to capture the subtle, but important differences that these notions can discriminate. 

■^°In general, if / is a recursive function and S is a recursive set, then the image f{S) 
is recursively enumerable. So fi{T) and f2{N) are recursively enumerable. Since they 
complement each other on the set A*', they are in fact both recursive. 
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(3). Let S he recursive. Then 

s = [Snh{T)]u[Snf2iN)] 

= [fi{f{\s n /i(T)))] u [f2{f2Hs n MN)))] 



Let uji be a game with a carrier included in a set T. (This is without 
loss of generality since the grand coalition A^ is a carrier for any game.) Let 
UJ2 be a game. We define the product uji ®uj2 of wi and 102 with respect 
to (/i,/2) by the set 

wi (g) a;2 = {fi{Si) U /2(5'2) : Si G wi and S2 G i:<^2} 

of the disjoint images of winning coalitionscil By Lemma [T3l coi (8) ci;2 is a 
simple game. We have Si* S2 € tJi(d ^2 if and only if ^i € liJ\ and 5*2 G ^2. 

Lemma 14 // <jj\ and UJ2 are computable, then the product toi (8) u}2 is com- 
putable. 

Proof. Let e be a characteristic index for a coalition S := Si * S2 = 
/i(S'i) U /2(5'2). It suffices to show that given e, we can effectively obtain a 
characteristic index for Si (and similarly for ^2). 

Let t be a c harac teristic index for fi{T), a fixed recursive set. Effectively 
obtain ( Soard . 119871 . Corollary II. 2. 3) from e and t a characteristic index e' 



for /i(5i) = [/i(S'i) U /2(«S'2)] n fi{T). Let t' be an index for the recursive 
function 

' Mi) -^^i^T 



'^*'^''' I /2(0) otherwise. 

We claim that (/7e' ° '■ft' is the characteristic function for the recursive set Si . 
{Details. Suppose i & Si ffi'st. Then i & T and fi{i) G fi{Si). Hence 
V'e' ° ^t'{i) = ^e'{fi{i)) = 1- Suppose i ^ Si next. If i G T, then fi{i) G 
fi{T)\fi{Si). Renceipe'Oipt,{i) = ^Pe'{fi{i)) = 0. Ifi ^ T, then t^e'O (/?*'(«) = 
¥'e'(/2(0)) = 0, since /2(0)^/i(5il 



By the Parameter Theorem ( Soard . 119871 . 1.3.5), there is a recursive func- 



tion g such that (/9p(e')(0 = fe' o ^t'{i)i implying that g(e') is characteristic 
index for Si that can be obtained effectively. | 

It turns out that the construction based on the product is very useful 
for our purpose. 

Lemma 15 uJi and 1^2 are monotonic if and only if the product uji UJ2 is 
monotonic. 



■^^The notion of the product of games is not new. For example, IShaplevI (|l962l ) defines 
it for two games on disjoint subsets of players. 
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Proof. By Lemma [T3l any coalition S can be written as S = Si * S2 for 
some Si ^T and 82- 

(^^). Suppose Si * S2 G wi (8> UJ2 and S*! * ^2 C S'J * 52. Then, we 
have Si e LOi, S2 € C02, and fi{Si) U ^(^a) ^ A (50 U f2{S'^). Noting 
that /i(5i) C fi{T), fi{S[) C /i(r), f2{S2) C /2(iV), /2(50 C /2(iV), and 
fi{T) n /2(iV) = 0, we have /i(5i) C fi{S[) and ^(Sa) C f2{S!,). Hence 
5*1 C 5( and ^2 C ^g. Since 5i G wi and ^2 G a;2, monotonicity imphes that 
S'l £ LJi and ^2 G u;2. That is, S'l * S'2 £ uJi i^ U2- 

{'^=). We suppose that oji (8) W2 is monotonic and show that uji is 
monotonic. Suppose 5i G wi and Si C 5^ Choose any ^2 G u;2. Then 
5i * 52 G wi (g) a;2 . By monotonicity, 5J * 52 G a;i (g) a;2 . Hence S[ £ loi. | 



Lemma 16 // ui or UJ2 is proper, then the product ui UJ2 is proper. 

Proof. First, we can show that (51*52)^^ = 5f *52, where Sf = T\Si and 
52^ = iV\52. Indeed, (5i*52)'= = (/i(5i)U/2(52))^ = (/i(5i))^n(/2(52))'= = 

[/i(r)\/i(5i)u/2(iV)]n[/i(r)u/2(iV)\/2(52)] = /i(T\5i)u/2(iv\52) = 

Now suppose 5i * 52 G wi (g a;2. Then, Si G 1^1 and 52 £ uj2- Since 
coi or UJ2 is proper, we have either Sf ^ (^1 or 52 ^ a;2. It fohows that 

{Si * S2y = S^ * S^ ^ LOi iSi UJ2- ■ 



Lemma 17 Suppose uji is nonstrong or uj2 is nonstrong or both wi and u)2 
have losing coalitions. Then the product ui ® 0J2 is nonstrong. 

Proof. We give a proof for the case where each game has a fosing coah- 
tion: Si ^ oji and 52 ^ 0J2. Then, 5i*52 ^ oji®uj2 and (51*52)^^ = 5^*52 ^ 

UJl®UJ2. I 



Lemma 18 If uJi and 002 are nonweak, then the product uji®uj2 is nonweak. 
Its Nakamura number is 1^(001 lE) u}2) = max{i/(a;i), 1/(^2)}. 

Proof If n^i = 0^2 = 0, then n('^i ^^2) = nsr*s,^u.,(^u.,iSi * S2) = 
ns,eu:,,s,e.AMSi) U /2(52)) = (fl^.e., h(Si)) U {f]s,eu, f2iS2)) [because 
fiiSi) n /2(52) = for an Si and 52] = fiif]s,e.. Si) U f2{f]s,e., S2) = 
{f]uji) * (Pi Li;2) = 0- The proof for the Nakamura number is similar. | 

Propositions [11] and [T2] have analogues for infinite games (because of 
Lemma [8] again. Proposition [19] precludes k = 2): 

Proposition 19 For any k > 3, there exists an infinite, computable, type 3 
(i.e., monotonic proper nonstrong nonweak) game oj with Nakamura number 
^{oj) = k. 
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Proof. For A; > 3, let wi be a finite, computable, type 3 game with 
^{uJi) = k. (Such a game exists by Proposition [TTJ) Let UI2 be an infinite, 
computable, monotonic nonweak game (which need not be proper or strong 
or nonstrong) with 1^(002) < 3. (Such a game exists by Proposition [TOl ) 
Lemmas [HI [151 El HZl El imply that the product wi ^ W2 satisfies the 
conditions. | 

Proposition 20 For any k >2, there exists an infinite, computable, type 11 
(i.e., nonmonotonic proper nonstrong nonweak) game u) with Nakamura 
number i^(ti;) = k. 

Proof. For A; > 2, let wi be a finite, computable, type 11 game with 
iy{u}i) = k. (Such a game exists by Proposition I12[) L et Ct'2 be an infinite 



compu table, nonproper game. (Types 5, 7, 13, and 15 in lKumabe and Mihara 



( 20071 ) are examples. Alternatively, just for obtaining the results for A; > 3 



we can let 002 be an infinite, computable, nonweak game with i^(w2) = 3, 
which exists by Proposition llOi) Then the game is nonweak, with i'{uj2) = 2 
(if ^ W2; Lemma El) or u{uj2) = I (otherwise). Lemmas fTil [T5l [TBI flTl fTHl 
imply that the product ui (g) UJ2 satisfies the conditions. | 



A An Infinite, Computable, Type 1 Game 

We exhibit here an infinite, computable, type 1 (i.e., monotonic proper strong 
nonweak) simple game, thu s giving a proof to Proposition [lOl Though 



Kumabe and Miharal (|2007l ) give an example, the readers not comfortable 
with recursion theory may find it too complicated. In view of the fact that 
such a game is used in an important result (e.g.. Proposition I19|) in this 
paper, it makes sense to give a simpler construction here 
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Our approach is to construct recursively enumerable (in fact, recursive) 
sets To and Ti of strings (of O's and I's) satisfying the conditions of Proposi- 
tion [3l We first construct certain sets Fs of strings for s G {0, 1, 2, . . .}. We 
then specify each of Tq and Ti using the sets Fg, and construct a simple game 
u according to Proposition [3l We conclude that the game is computable by 
checking fLemmas 1221 and I25p that Tq and Ti satisfy the conditions of Propo- 
sition [31 Finally, we show (Claims [271 [28l and [29]) that the game satisfies 
the desired properties. 



^^One reason that the construction in [Kumabe and Miharal (|2007[ ) is complicated is 
that they construct a family of type 1 games oj[A], one for each recursive set A, while 
requiring additional conditions that would later become useful for constructing other types 
of games. In this appendix, we construct just one type 1 game, forgetting about the 
additional conditions. Some aspects of the construction thus become more transparent in 
this construction. The construction ext e nds t he one (not requiring the game to be of a 
particular type) in [Kumabe and Miharal (|2008[ . Section 6.2). 
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Notation. Let a and f3 be strings (of O's and I's). 

Tlien a^ denotes the string of the length \a\ such that a^{i) = 1 — a{i) 
for each i < \a\; for example, 0110100100'^ = 1001011011. Occasionally, a 
string a is identified with the set {i : a{i) = 1}. (Note however that a'^ is 
occasionally identified with the set {i : a{i) = 0}, but never with the set 
{i : a(i) = 1}^) 

a/3 (or a * f3) denotes the concatenation of a followed by /3. 

a C /3 means that a is an initial segment of /3 (/? extends a); a C. A 
means that a is an initial segment of a set A. 

Strings a and (3 are incompatible if neither a (^ /3 nor /3 C a (i.e., 
there is k < min{|a|, |/3|} such that a{k) ^ /3{k)). || 

Let {ks}'^Q be an effective listing (recursive enumeration) of the mem- 
bers of the recursively enumerable set {k : ^Pk{k) G {0,1}}, where (/?fc(0 
is the kth partial recursive function of one variable (it is computed by the 
Turing program with code (Godel) number k). We can assume that ko > 2 
and all the elements ks are distinct. Thus, 

CRec C {k : ipk{k) G {0, 1}} = {ko, ki,k2,.. .}, 

where CRec is the set of characteristic indices for recursive sets. 

Let ^0 = ^0 + 1) and for s > 0, let Is = raax{ls-i,ks + 1}. We have 
h > h-i (that is, {Is} is an nondecreasing sequence of numbers) and Is > ks 
for each s. Note also that Is > h-i > kg^i, h > h-2 > ks-2, etc. imply that 

I'S > ks, Ks— 1, f^s—2, • • • ) kf). 

For each s, let Fs be the finite set of strings a = a(0)a(l) • • • a{ls — 1) 
of length /s > 3 such that 

a{ks) = (fk^iks) and for each s' < s, a{ks') = 1 — ipk ,{^s')- (1) 

Note that ([1]) imposes no constraints on a{k) for k ^ {/cq, fei, A;2, . . . , fc^}, 
while it actually imposes constraints for all k in the set, since \a\ = Ig > ks, 
ks-i, ks-2, ■ ■ ■ , ko- We observe that if a G F^ n F^/, then s = s' . Let 
F = {JsFs. 

Lemma 21 Any two distinct elements a and f3 in F are incompatible. 
That is, we have neither a ^ (3 (a is an initial segment of (3) nor 13 C. a 
(i.e., there is k < min{|a|, |/3|} such that a{k) ^ /3{k)). 

Proof. Let \a\ < \(3\, without loss of generality. If a and (3 have the same 
length, then the conclusion follows since otherwise they become identical 
strings. Ills = |a| < \/3\ = Is', then s < s' and by ([T]), a{ks) = ipk^{ks) on the 
one hand, but I3{ks) = 1 — (pk^{ks) on the other hand. So a{ks) 7^ /3{ks). | 
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The game u will be constructed from the sets Tq and Ti of strings defined 
as follows (10 = 1 * 0, 00 = * 0, and 11 = 1 * 1 below): 

adT^ ^^ 3s [a eFs,a^ 10, and a{ks){= ^ksih)) = 0] 

a£T^ ^^ 3s [a £Fs,a^ 10, and a(A:,)(= ifk^ks)) = 1] 

a G To ^^ [a G T^ or a^ G ri° or a = 00] 

aGTi ^^ [a eT}" or a^ gTo° or a = 11]. 

We observe that the sets Tq , T^, Tq, Ti consist of strings whose lengths are 
at least 2, Tj? C Tq, T^ C Ti, Tq n Ti = 0, and a G Tq <^ a^ G Ti. 

Define oj by S d uj if and only if S has an initial segment in Ti . Lem- 
mas [22] and [25] establish computability of cj (as well as the assertion that Tq 
consists of losing determining strings and Ti consists of winning determining 
strings) by way of Proposition [3] 

Lemma 22 Tq and Ti are recursive. 

Proof. We give an algorithm that can decide for each given string a with 
a length of at least 2 whether it is in Tq or in Ti or neither. 

lia^ 00, then a ^TqUTi unless a = 00 G Tq. 

If (T 5 11, then a ^ TqUTi unless o" = 11 G Ti. 

Suppose a ^ 10. In this case, a G Tq U Ti iff cr G Tq U T}*. Generate 
ko, ki, k2, ■ ■ ■ , compute Iq, li, I2, ■ . . , and determine Fq, Fi, F2, . . . until we 
find the least s such that Ig > [cr[. 

If Is > |o"|, then a ^ Fg. Since Ig is nondecreasing in s and Fg consists 
of strings of length Ig, it follows that a ^ F, implying a ^ Tq U T^, that is, 
a^ToUTi. 

If Ig = \a\, then check whether a a Fg; this can be done since the values 
of (fk ,{kg') for s' < s in ([TJ are available and Fg determined by time s. If 
a ^ Fg and Z^+i > Ig, then a ^ TqUTi as before. Otherwise check whether 
a G Fg+i. If a ^ Fg^i and /s+2 > L+i = L, then o" ^ Tq U Ti as before. 
Repeating this process, we either get a G Fg' for some s' or a ^ Fg' for all 
s' G {s' : Igi = Ig}. In the latter case, we have a ^ TqU Ti. In the former 
case, if a{kg') = ipk ,{kg') = 1, then a £ T^ C Ti by the definitions of T^ 
and Ti. Otherwise o'{kg') = 99^ ,{kg') = 0, and we have u G Tq C Tq. 

Suppose o" 5 01. Then a^ ^ 10. In this case the algorithm can decide 
whether a^ is in T^ or in T^ or neither. If a" G T^, then cr G Ti. If cr^ G T^, 
then a G Tq. If a" ^ Tq^ U T^, then a ^ Tq U Ti. | 



Lemma 23 Let a, (3 be distinct strings in TqUTi . Then a and f3 are incom- 
patible. In particular, if a (zTq and /3 G Ti, then a and j3 are incompatible. 

Proof. Suppose a and (3 are compatible. Then there is a coalition S 
extending a and j3. 
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If a 5 00, then (3 5 00. But there is only one string in Tq U Ti that 
extends 00; namely, 00. So a = /3 = 00, contrary to the assumption that 
they are distinct. The case where q 3 11 is similar. 

If a 5 10, then /3 D 10. So we have a, /? E Tq U T}*, which implies that 
a, /3 € -F. By Lemma [211 S cannot extend both a and /3, a contradiction. 

If a 5 01, then /? ^ 01. So we have a'^, j3^ ^ T^ \J T^, which implies 
that a^, /3^ S F. By Lemma [^T] S''^ cannot extend both a^ and (3'^, a 
contradiction. | 



Lemma 24 Lei a 5 10 6e a string of length Is such that a{ks) = '^^^{ks)- 
Then for some t < s, there is a string (3 ^ Ft such that 10 C /3 C a. 

Proof. We proceed by induction on s. If s = 0, we have /3 = a G Fq 
(note that ([1]) imposes no constraints on a(0) and a(l)); hence the lemma 
holds for s = 0. Suppose the lemma holds for s' < s. If for some s' < s, 
a{ks') = ^k ,{ks'), then by the induction hypothesis, for some t < s', the 
^s'-initial segment a[/s'] of a extends a string /3 G Ff. Hence the conclusion 
holds for s. Otherwise, we have for each s' < s, a{ks') = 1 — ipk , (^s')- Then 
by dU, a € F5. Letting /3 = a gives the conclusion. | 



Lemma 25 Any coalition S G REC has an initial segment in Tq or in Ti, 
hut not both. 

Proof. We show that S has an initial segment in Tq U Ti . Lemma [23] 
implies that S does not have initial segments in both Tq and Ti. (The 
assertion following "In particular" in Lemma [23] is sufficient for this, but 
we can actually show the stronger statement that S has exactly one initial 
segment in Tq U Ti.) 

The conclusion is obvious if S" 5 00 or 5 5 11. 

If 5 5 10, suppose ifk is the characteristic function for 5. Then k G 
{A;o, fci, A;2i • • •} since this set contains the set CRec of characteristic indices. 
So k = kg for some s. Consider the initial segment S[ls] := SCils = VfcJ^s] 5 
10. By Lemma [Ml for some t < s, there is a string /3 € Ft such that 
10 C /? C S[ls]. The conclusion follows since /? is an initial segment of S and 
pGT^UT^ CToUTi. 

If 5 5 01, then S" 5 10 has an initial segment /? G Tg^ U T^ by the 
argument above. So, S has the initial segment /J'^ G Ti U Tq. | 

Next, we show that the game u has the desired properties. Before show- 
ing monotonicity, we need the following lemma. For strings a and /3 with 
|a| < |/3|, we say /3 properly contains a if for each k < \a\, a{k) < /3{k) and 
for some k' < \a\, a{k') < f3{k'); we say /3 is properly contained by a if for 
each k < \a\, /3(k) < a{k) and for some k' < \a\, f3{k') < a{k'). 
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Lemma 26 Let a and /3 be strings such that \a\ < |/3[. (i) If a ^Ti and (3 
properly contains a, then (3 extends a string in Ti. (ii) If a ^ Tq and (3 is 
properly contained by a, then /3 extends a string in Tq. 

Proof, (i) Suppose a G Ti and j3 properly contains a. We have a = 11 
or a G T^ or a" G T^. 

If a = 11, no (3 properly contains a. 

Suppose a G T^. Then a ^ Fg for some s. Since (3 properly contains a 5 
10, we have /3 5 11 or /3 D 10. If /3 2 11, the conclusion follows since 11 G Ti. 
Otherwise, f3 2 10; choose the least s' < s such that (3{ks') = (fk /{ks') = 1- 
(Such an s' exists since a G T^ implies a{ks) = (pk,{ks) = 1. Note that 
ks' < Is' 1^ h = |a|-) Then for each t < s', we have I3{kt) = 1 — ipkti^t)- 
{Details. By the choice of s', for each t < s', either (a) I3{kt) = ifk^{kt) = 
or (b) (3{kt) 7^ ipt{kt). Suppose (a) for some t < s'. Since a G Fs, we have 
for each t < s, a{kt) = 1 — ipktih) by ([T]). Then we have I3{kt) = and 
a{kt) = 1, contradicting the assumption that (3 properly contains a.) The 
conclusion follows since the initial segment (3[ls'] is in T^. 

Suppose a'^ G Tq . Then a'^ G Fs for some s. Since (3'^ is properly 
contained in a" ^ 10, we have /3^ D 00 or P'' D 10. If P" ^ 00, the 
conclusion follows since /? 5 11 G Ti. Otherwise, (3^ ^ 10; Choose the least 
s' < s such that j3^{ks') = ^k i{ks') = 0. Then for each t < s', we have 
P'^ih) = 1 — ifktih) as before. Therefore, the initial segment /3'^[/s'] is in Tq. 
The conclusion follows since P[ls'] G Ti. 

(ii) Suppose a G Tq and /3 is properly contained by a. Then a"^ G Ti and 
P^ properly contains a'^. Assertion (i) then implies that /3'^ extends a string 
/3'^[/s'] in Ti. Therefore, (3 extends the string (3[ls'] in Tq. | 



Claim 27 The game uj is monotonic. 

Proof. Suppose A €z oj and B D A. By the definition of u, A has an 
initial segment a in Ti. If i? extends a, then clearly B £ to. Otherwise the 
|Q;|-initial segment (3 = B[\a\] of B properly contains a. By Lemma [261 /^ 
extends a string in Ti. Hence B has an initial segment in Ti, implying that 
B £uj. ■ 



Claim 28 The game uj is proper and strong. 

Proof. It suffices to show that S"^ G a; <^ S" ^ w. Prom the observations 
that Tq and Ti consist of determining strings and that a"^ G Tq 44> a G Ti, 
we have 

S"^ £ UJ <^=^ S'^ has an initial segment in Ti 
'^=r- S has an initial segment in Tq 
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Claim 29 The game oj is nonweak and does not have a finite carrier. 

Proof. To show that the game does not have a finite carrier, we will 
construct a set A such that for infinitely many /, the /-initial segment A[l] 
has an extension (as a string) that is winning and for infinitely many I', A[l'] 
has an extension that is losing. This implies that A[l] is not a carrier of u> 
for any such /. So no subset of A[l] is a carrier. Since there are arbitrarily 
large such /, this proves that oj has no finite carrier. 

Let ^ 5 10 be a set such that for each kt, A{kt) = 1 — •^kti^t)- For any 
s' > and i G {0, 1}, there is an s > s' such that kg > h' and (pkX^s) = i- 

For a temporarily chosen s', fix i and fix such s. Then choose the greatest 
s' satisfying these conditions. Since Ig > kg > Is', there is a string a of 
length Is extending A[ls'] such that a G Fs. Since a 5 10 and a{ks) = 
^ksi^s) = i, we have a G T^. 

There are infinitely many such s, so there are infinitely many such s'. It 
follows that for infinitely many Is', the initial segment A[lsi] is a substring 
of some string a in Ti, and for infinitely many Ig', A[ls'] is a substring of 
some (losing) string a in Tq. 

To show nonweakness, we give three (winning) coalitions in Ti whose 
intersection is empty. First, 10 (in fact any initial segment of the coalition 
A D 10) has extensions a in Ti and /3 in Tq by the argument above. So 01 
has the extension f3'^ in Ti . Clearly, the intersection of the winning coalitions 
11 G Ti, a D 10, and jS" 2 01 is empty. | 
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B Type 9 and Type 13 Games 

In this a ttachment, we modify the ex amples of a type 9 game and a type 13 
game in iKumabe and Miharal ( 20071 ) so that an empty coahtion is losing. 



To do that, modify the infinite, computable, type 1 game u;[A] in that paper 
as follows ((2.i) and (3) refer to certain requirements in that paper): 

9. An infinite, computable, type 9 (nonmonotonic proper strong non- 
weak) game. In the construction of a;[A], replace (2.i) by 

(2*.i) for each p-string a' ^ 10 that is a proper substring of q, if s = 
or \a'\ > Is-i, then enumerate a' * 11 in Ti and a' * 00 in Tq; 
furthermore, enumerate 1011 and 1000 in Tq. 

By (3) of the construction of lu[A], 0100,0111 G Ti. (In other words, 
the game is constructed from the sets Tq := Tq U {1011} \ {0100} and 
Ti := T{ U {0100} \ {1011}, where Tq and T{ are Tq and Ti in the 
original construction of u)[A] renamed. Note that 1011 G T[, 1000 G 
T^, 0100 G T^, and 0111 G T{.) Letting q' = in (2*.i), we have 
00 G To; so is losing. Since either a' = 1010 or 1001 is a p-string 
satisfying the condition in (2*.i), either 101011 G Ti or 100111 G Ti. 
Then by (3), either 010100 G Tq or 011000 G Tq. So the game is 
nonmonotonic, since 0100 is winning. It is also nonweak since 0100 is 
winning and either 101011 or 100111 is winning. For the remaining 
properties, the proofs are similar to the proofs for uj[A]. 

13. An infinite, computable, type 13 (nonmonotonic nonproper strong 
nonweak) game. In the construction of uj[A\, replace (2.i) and (3) 
by 

(2*.i) for each p-string a' ^ 10 that is a proper substring of a, if s = 
or \a'\ > /s-ii then enumerate a' * 11 in Ti and a' * 00 in Tq; 
furthermore, enumerate 1011 and 0100 in Ti and 1000 in Tq; 

(3*) if a string /3 ^ {1011, 0100} is enumerated in Ti (or in Tq) above, 
then enumerate /3'^ in Tq (or in Ti, respectively). 

By (3*), 0111 G Ti. (In other words, the game is constructed from the 
sets To := T^ \ {0100} and Ti := T{ U {0100}, where T^ and T{ are Tq 
and Ti in the original construction of a; [A] renamed.) 

By an argument similar to that for type 9, is losing and the game 
is nonmonotonic (either 010100 G Tq or 011000 G Tq, while 0100 is 
winning). It is nonproper since the 0100 and 1011 are winning de- 
termining. It is strong since its subset uj[A] is strong. It is nonweak 
by Lemma [1] since it is nonproper. The proofs of computability and 
nonexistence of a finite carrier are similar to the proofs for u [A] . 



